This paper is based on the concepts of lagrangian Reynolds transport equation (LRTE), momentum, and the generalized total kinetic power of a rocket. The wood rocket model is used as a vivid model to explain propulsive efficiency of a rocket. We prove that the novel U-turn launch mode can convert total kinetic power and gravitational potential energy into rocket propulsive power. Furthermore, we use the first stage rocket engine of the Saturn V as an example to simulate and analyze its propulsive efficiency computationally with Matlab software. In conclusion, this revolutionary launch mode has the potential to dramatically improve the propulsive efficiency of launch vehicles.
Introduction
With the progress of space science and technology, engineers utilize a high thrust rocket to launch satellites into orbit for various purposes. Although there have been many successful launches of rockets in the vertical/upward mode, there is plenty of room for improvement.
Lee et al. 1) have proposed a theory of launching a rocket using the U-turn launch mode with aid of lagrangian Reynolds transport equation (LRTE), 2) momentum equation, 1) and the generalized rocket total kinetic power (TKP). 1, 3) A wood rocket model 1, 4) and associated dynamics equations are used to verify this theory. Finally, we take the first stage rocket engine of a Saturn V as an example and use Matlab 5, 6) to perform numerical simulation and analysis. The results are compared with the traditional launch mode, and confirm the advantage of the U-turn launch mode.
The U-turn launch mode is quite different from the traditional vertical/upward mode. The procedure is to secure the rocket on a coaster, and allow it to slide downhill to gain velocity under gravity without ignition. A guide like a roller coaster turns the rocket from vertical to horizontal at beginning, then the rocket ignites at the instant when it goes up. In this innovative and revolutionary launch, terrestrial gravity becomes a helping hand instead a hindrance.
Propulsion Analysis of the Wood Rocket
2.1. Retrospect the generalized total kinetic power of rocket The generalized total kinetic power (TKP) equation of the rocket as represented by Fig. 1 derived by the interweaved transport derivation 1) can be expressed as: 
Where, DðE k.syst Þ Dt represents the derivative of rocket system kinetic energy to time, _ W W represents the rate of work done to the surroundings by the rocket, P e A e is the pressure force acting on the outlet ports, gðtÞ is the gravitational acceleration at an instant and is assumed to be downward positive, rel is the velocity relative to the rocket and is conveniently assumed to be backward positive, is the mass density, _ V V CV represents the absolute rocket acceleration and is assumed to be forward positive, _ m m e is the outlet mass flow rate and v e represents the outlet propellant velocity relative to the rocket, which is downward positive.
It is important to note that Eq. (1) clearly shows that all terms are functions of velocity v rel , and are independent of the system absolute velocity V cv . This condition prevents violation of the energy conservation law. Alternately, it can be said that the total kinetic power of the rocket system should be invariant to any unaccelerating observer.
The generality of the above equation is not limited to common solid/liquid rockets. A wood rocket is used as an example to verify the above novel rocket power equation. Ó 2008 The Japan Society for Aeronautical and Space Sciences 2.2. Verification of generalized total kinetic power of wood rocket To obtain the total power of the wood rocket system at any instant, referring to Fig. 2 , Eq. (1) can be expressed as:
The item ½kðtÞv e derived from Eq. (3) is the power released from the spring at an instant. The power not only drives m 2 to move outward from the control volume, but also can be used for resisting the work that the external force will do to the rocket and for pushing m 1 to climb.
The verification of TKP of the wood rocket model confirms the exactness and generality of the generalized total kinetic power of the rocket.
Energy analysis of spring/mass system
A spring/mass system is used to simulate the wood rocket model as shown in Fig. 3 . The system has two mass pieces of m 1 and m 2 , which represent the rocket and its gushed gas respectively. A spring with spring constant k is positioned between the two masses. A hook presses the two masses closely together. The spring stores potential energy due to compression.
In the control volume, the absolute velocity of the system outer case is V CV , and the system mass is M. Then, 
Assuming there is no friction, no energy lost and forward positive, the initial kinetic energy of the whole system is:
When the hook is ejected as shown in Fig. 3(b) , the spring releases the spring potential energy and transfer energy to m 1 and m 2 , which obtain extra energy and produce relative motion. Because no external force is involved while ejecting the hook, the system conserves the momentum. Then, we obtain:
Eq. (6) can also be expressed as:
In Eq. (7), v 1rel and v 2rel are the relative velocities of m 1 and m 2 to the system centroid (c.m.) respectively. According to Fig. 3(b) and Fig. 3(c) , m 1 and m 2 will move backwards and forwards relative to c.m., respectively. Assuming that forward is positive, we obtain their absolute velocities as:
Consequently, after hook ejection, the kinetic energy of each mass is expressed as:
The system total energy E total can then be expressed as:
Substituting Eq. (7) for v 1rel in Eq. (12). Eq. (12) becomes:
The potential energy released from the spring will be fully transferred to m 1 and m 2 . The obtained extra energy of m 1 and m 2 is expressed as:
From the above equation, the lhs item is the total potential energy released from the spring. The rhs is the sum of kinetic energy that m 1 and m 2 obtain from the spring. Here, note that the last item on the rhs of Eq. (13) equals the last item of Eq. (14). In other words, energy released by the spring not only gives m 1 and m 2 extra kinetic energy, it also raises the total system energy.
Although the system energy really increases after hook ejection, the absolute velocity of system c.g. still remains equal to V CV . m 1 and m 2 will do the relative motion to the system c.g. after hook ejection. As to m 1 and m 2 , the position of c.m. immobilizes. However, observed from a static reference, the system moves right at speed V CV as shown in Fig. 3 (b) and (c). 
Energy analysis of spring/mass system motion
The spring gives energy to m 1 and m 2 after hook ejection, but the individually obtained energy is proved below.
At first glance, although the obtained energies of m 1 and 
Actually obtained energy of m 2
From Fig. 3 we can see clearly that after hook ejection, the spring force will push m 1 and m 2 apart. Because the spring pushes m 1 to the right, this increases the absolute speed of m 1 , and its kinetic energy. We can see that the spring exerts positive work on m 1 . On the other hand, the spring pushes m 2 backward and decreases its absolute speed. Assuming no energy loss, energy can only be transferred between m 1 and m 2 through the spring. This means that energy released by m 2 is further transferred to m 1 through spring instantly, so m 1 has obtained more energy as shown in Fig. 4(a) .
If we compare the first item on the rhs of Eq. (16a) and Eq. (17a), and substitute Eq. (7) , we see that the obtained energy by m 1 is always greater than imagined while the energy m 2 obtains is less than imagined. 2.5. Relation between spring k value and obtained energy In the spring/mass system, excluding the own mass of m 1 and m 2 , the spring plays a very important role. The value of k determines the energy that m 1 and m 2 can obtain. By keeping m 1 , m 2 , V CV , and spring deformation constant, while varying the relative speed of m 2 , we can examine the magnitude of k that influences the energy distribution between m 1 and m 2 .
First, the following equation is obtained from Eq. (10) over Eq. (13).
1 is the energy ratio of m 1 to the whole system after hook ejection, namely the propulsive efficiency of the rocket. 1) It helps observe the efficiency of energy utilization in the system and understand whether the spring is designed and selected properly. In the following, we will discuss a few associated conditions. 2.6. Condition of v 2rel < V CV Here, taking v 2rel ¼ 1 2 V CV as an example, and substitut- (11), (14), (16), (17) and (18), the following results are obtained:
From (c), (d), (e), we find that the spring gives all its energy to m 1 and exerts negative work on m 2 . If m 2 retains some kinetic energy after hook ejection, the spring k value was inadequate, so m 2 cannot transfer all its kinetic energy to m 1 . From (f), the systematic propulsive efficiency is thus smaller than 1, that means the system is not designed perfectly. (9), (11), (14), (16), (17) and (18) 
Comparing the energy distribution for v 2rel ¼ 1 2 V CV and
V CV , we find the actually obtained energy of m 2 is the same after hook ejection. However the obtained energy of m 1 of the latter is much greater than the former. This increases the latter propulsive efficiency 1 value. The key factor causing the difference between these two cases is the k value of the spring. Because the spring k value in this example is much greater than the former example, under the same extension, its released elastic energy will be relatively large, so m 1 will get more energy than the former example. The spring will exert more negative work on m 2 , and change the absolute speed of m 2 from V CV to À 1 2 V CV . This will change the m 2 kinetic energy from
CV backward, which does not increase the energy of m 1 , but lets m 2 run to the left instead.
It is obvious that the spring k value is too large in its original design case. Although it lets m 1 obtain more energy, it also causes some unnecessary wasted energy at the same time. The bigger k value could cause the spring to exert too much negative work on m 2 , stopping m 1 from getting more energy from m 2 and reduces the propulsive efficiency of the rocket system. To improve the systematic propulsion efficiency based on the discussion above, the kinetic energy of m 2 should be 0 after the hook ejection, namely v 2rel ¼ V CV . So the design of the selected spring must be just right. If k is too small, it cannot transfer all the kinetic energy of m 2 to m 1 . This does not fully utilize the surplus energy. If k is too big, this will increase the kinetic energy of m 2 after the hook ejection.
We can also apply this relation to a rocket. Rocket thrust and fuel consumption are proportional. If we only increase the fuel consumption and do not consider propulsive efficiency, the rocket wastes a lot of fuel at lift-off and increases the unnecessary cost. 2.9. Propulsive efficiency analysis of rocket in U-turn launch mode This section concentrates on systematic analysis of the U-turn launch mode. The U-turn launch mode is compared with the traditional vertical launch to prove its good propulsive efficiency.
Placing a steel ball on the interior rim of a bowl, and letting it drop freely without considering obstruction and friction, sees the steel ball make periodic motions back and forth, like a simple pendulum. The conversion of gravity potential energy and kinetic energy keeps going. Replacing the steel ball with a wood rocket model as shown in Fig. 5 and assuming no obstruction and energy loss, the rocket swings back and forth along a semi-circular track between points A and C if the hook is not ejected.
If the hook is ejected when the rocket reaches point B as shown in Fig. 5 , the spring exerts work on m 1 and m 2 at the same time. m 1 gets the energy from the spring and some energy from m 2 . Because the direction of the rocket is horizontal at this moment, free of gravity, there is higher propulsive efficiency. If the rocket ejects the hook at C or A, m 1 cannot get energy from m 2 as proved in the next examples.
As shown in Fig. 5 , assuming m 1 ¼ 100 kg, m 2 ¼ 200 kg, the spring constant k ¼ 1000 N/m, the spring elongation ðtÞ ¼ 1 m, the rocket fall height H ¼ 1000 m, and gravity g ¼ 9:8 m/s 2 . Assuming no energy loss in the process. 2.9.1. Eject hook at point A m 1 is affected by the elastic force F and gravity and will generate acceleration a 1
At point A, the rocket only has gravity potential energy and the kinetic energy is 0, so V CV ¼ 0.
After 0.1 s (Át ¼ 0:1 s)
The kinetic energy of m 1 is E k1 after hook ejection: After hook ejection, m 1 will slide down and pass through point B. The kinetic energy on reaching point C is 196.02 J.
Eject hook at point B
The rocket changes all the gravity potential energy into kinetic energy while reaching point B.
p ¼ 140 ðm/sÞ m 1 will not be affected by gravity when reaching to point B, so
The kinetic energy of m 1 is E k1 after hook ejection: 
So m 1 still has 14050 J of kinetic energy on reaching point C. 2.9.3. Eject hook at point C At the instant, F must resist gravity to push m 1 up, so
Because all the kinetic energy has been changed into potential energy when the rocket reaches point C, the kinetic energy is 0 (V CV ¼ 0)
The kinetic energy of m 1 is E k1 after hook ejection:
The kinetic energy of m 1 is 0.02 J at this instant.
From the above examples, we can see that if the rocket ejects the hook at point B, it is not only free of gravity, but can effectively utilize the spring elastic potential energy and even all the gravity potential energy of m 2 to improve the propulsive efficiency of m 1 . Consequently, the kinetic energy of m 1 is far greater than that in the other two cases on reaching point C.
In the following section, we will find that launching the rocket with model U track helps the rocket accelerate by using of gravity. If the rocket is fired at the climb point, the energy of the rocket will be more than when the rocket lifts off vertically from the ground.
If a rocket is put on a coaster and launched west to east to match the spin direction of the Earth from a high mountain Fig. 6 . In this condition, the rocket will have high initial velocity on ignition, which can improving its propulsive efficiency dramatically.
Numerical Simulation of Rocket Propulsion Superiority with U-turn Launch Mode
This section uses the Matlab software 5, 6) to develop a program, and taking first stage engine of the Saturn V as an example. The relevant data is input to prove that under the same conditions the U-turn launch mode gives the rocket more kinetic energy.
Enumeration of relevant equation
To produce steady and strong thrust during the rocket launching, the rocket must burn fuel fast and constantly, decreasing the total mass gradually and rocket acceleration will increase. Herein, we can reasonably neglect the relatively small air resistance and enumerate the relevant equation that needs to be applied in the procedure.
Assuming the total mass of the rocket is M and the fuel consumption is constant. The fuel mass burning rate is dm after firing, and the rocket mass M will decrease over time. Here, we set the time interval (Át) as 1 s, and record the data every other second. The rocket mass at time t will be
The initial acceleration of the rocket is 0. Assuming the gravity acceleration g and thrust F after firing are constants, the acceleration at this moment will be:
The rocket speed v after firing will be
The relation between flight height difference, velocity and acceleration is:
Substituting, the equation becomes:
The flight height h that the rocket can reach is:
In the U-turn system, the rocket slides down from height h 0 . As it slides to the lower height, its speed is v 0 . According to the law of conservation of energy,
After simplification, we can obtain v 0 as:
In the U-turn system, v 0 is initial speed of the rocket and the initial height is Àh 0 .
Relevant data for Saturn V rocket
As documented, 7) a Saturn V rocket was successfully launched on Sep. 9, 1969 with 2940 metric tons. The gross weight of fuel in the first stage is about 2000 metric tons, and the rocket has five F1 engines. It produce 3,500,000 kilograms of thrust per second. All the fuel is consumed 2.5 minutes after firing when the altitude is 64 km.
From those data: 1. Total mass M ¼ 2940 Â 10 3 kg 2. Elapse time t ¼ 150 sec 3. Mass flow rate dm ¼ 13:3 Â 10 3 kg/s 4. Thrust F ¼ 3500 Â 10 3 kg 3.3. Matlab simulation results Figure 7 compares the Saturn V launch by the two different methods. Launch mode A is the traditional launch. Launch mode B is the U-turn mode. Although the initial ignition height for mode B is lower than mode A by h 0 , the initial speed for mode A is 0 and for mode B is v 0 . According to the simulation results, either in the final height or speed, the mode B perform much better than mode A.
Figures 8 to 11 show the mass, acceleration, speed and flight height of the rocket with time from ignition, respectively. Table 1 shows the simplified data corresponding to Fig. 11 . According to the Figures 10 to 11 and Table 1 , the lower the initial height h 0 , the higher the final height and speed. In this simulation, all parameters are the same except the launch mode. No matter which launch mode is used, the change in rocket mass is the same as shown in Fig. 8 . In addition, the final height reached with mode A in the simulation is 69.626 km under the condition of no air resistance as shown in Table 1 which is close to a test record of 64 km. This result proves the accuracy of this procedure.
In the U-turn launch mode, although the position of the rocket at the beginning is lower, the finial height that the rocket reaches is much greater. For example, if the launch position is lower than the original position by 1 km, the rocket can fly to 89.626 km high finally. It is fully 20 km higher than the former! If there is more fuel, the difference will be even greater.
Through the simulation results of Matlab procedure, it can be proven that there are more advantages by the U-turn launch mode. Even if h 0 is 1 m only, its result is still better than the traditional launch mode. In addition, the bigger the difference in height h 0 , the more energy the rocket will obtain.
Conclusion
This paper combines the lagrangian Reynolds transport equation, momentum equations, and generalized total kinet- Then theoretically we analyze the total energy distribution for wood rocket model after hook ejection in order to verify the superiority of the U-turn launch mode. Potentially, this launch mode can take full advantage of total energy of spring and all the gravity potential energy of m 2 for propulsion. Finally, the Saturn V example is used to demonstrate the propulsive efficiency of the U-turn launch mode. The simulation proves that the U-turn launch mode can significantly achieve better propulsion performance than the conventional vertical launch mode. Under the same launch conditions, a rocket can reach much higher altitudes, which testifies the propulsion superiority of U-turn launch mode.
